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This work propose an alternative and systematic way to obtain a canonical Lagrangian formulation 
for rotational systems. This will be done in the symplectic framework and with the introduction of 
extra variables which enlarge the phase space. In fact, this formalism provides a remarkable and new 
result to compute the canonical Lagrangian formulation for rotational systems, i.e., the obstruction 
to the construction of a canonical formalism can be solved in an arbitrary way and, consequently, a 
set of dynamically equivalent Lagrangian descriptions can be computed. 
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I. INTRODUCTION 

Recently, fluid mechanics hi has attracted a huge atten- 
tion to theoretical physicists]^ Q] due to the investigate of 
how some instances of the classical theory are related to 
D-branes and how this relation explains some integrabil- 
ity properties of several models. In Ref.[2(, the authors 
demonstrated that the (d + l)-dimensional relativistic 
theory of D-branes are integrable systems by reducing the 
problem to a d-dimensional irrotational fluid mechanics. 
Afterwards, Bazeia and Jackiw[3j, found the solutions 
of this Galileo invariant system that are in connection 
with the solutions of the relativistic D-brane system. In 
particular, these works clarify the presence of a hidden 
dynamical Poincare symmetry on the d-dimensional fluid 
mechanics. However, this is only valid only when the ro- 
tational fluid model has a specific potential, (V oc 1/p 
with p as being the mass density). 

In this paper, we propose an alternative answer to the 
question on the Lagrangian for velocities fields that are 
not irrotational. It is known that for rotational fluid 
mechanics, whose vorticity nonvanishes, the symplectic 
two- form does not exist; it happens because its respective 
"inverse" is singular and, consequently, has a zero-mode 
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given by the gradient of a quantity called "Casimir in- 
variants" . Since these quantities Poisson-commute with 
all dynamical variables and Hamiltonian and are also 
constant of motion, there is no symmetry related. As 
demonstrated by Jackiw in Ref.^, the algebra that ad- 
mits Casimir invariants also creates an obstruction to the 
construction of a canonical formalism for fluid mechan- 
ics. Indeed, this obstruct the determination of the fluid 
dynamical Lagrangian. This obstruction was neutralized 
by C.C. Lin|5( using the Clebsch parameterization, which 
was discussed by Jackiwjj recently. 

In order to achieve our goal and present a self con- 
tained paper, this work is organized as follows. In the 
next section, we present the general formalism that im- 
plement the Clebsch parameterization from the symplec- 
tic point of view. In order to illustrate and familiarize the 
reader with the problem proposed and its solutions given 
by the Clebsch-symplectic parameterization process, we 
present in the Section III the rotational fluid system as 
well as the obstruction problem. In Section IV, we ap- 
ply the Clebsch-symplectic parameterization formalism 
to the rotational fluid system in order to solve the ob- 
struction problem. In consequence, we obtain the La- 
grangian for the rotational system. Further, we also dis- 
cuss the arbitrarity present on the determination of the 
rotational fluid Lagrangian. In fact, we can exhibit a set 



of different, but dynamically equivalent Lagrangian de- 
scriptions for the rotational fluid mechanics. In the last 
section, we express our find outs and conclusions. 

II. GENERAL FORMALISM 

In order to systematize the Clebsch-symplectic param- 
eterization formalism, let us consider a mechanical sys- 
tem governed by a Lagrangian (C = C(qi,qi,t) with 
i,j = 1,2 . . . , N, where dot means temporal derivative) 
and whose vorticity nonvanishes, i.e., uj = V x q =/= 0. 

First all, the Lagrangian must be rewritten into its 
first-order form, namely, = a^ 1 — H(Jl), where H (£) 
is the Hamiltonian and are the symplectic variables. 
The Euler-Lagrange equation of motion are /yf — 
2f£i, where f l3 = - 2^1. Note that the equa- 

tion of motion above for £ is well defined if the matrix 
fij possesses the inverse / y , i.e., — p % d Q^P ■ From 
the Hamilton approach, the equation of motion can be 
expressed bracketing the variables with the Hamiltonian, 
£i = {&,H(£)} = {¥,C}^P-. Now, we are led to 
postulate the fundamental brackets as {£ J , £ l } = f 1% . 
When fji has no inverse, i.e., fji is singular and, sub- 
sequently, constraints arise or there are gauge symme- 
tries present within the system, which were well inves- 
tigated and solved by Barcelos and Wotzasek|6j. How- 
ever, an other obstacle can appear. This obstacle arises 
due to the existence of a quantity C(£) whose Pois- 
son bracket with all symplectic variables vanishes, 
= = f ji ^P-. This means that is a 

zero-mode of f 3% and its inverse , the symplectic two-form 
fji, does not exist. Since these quantities C(£) Poisson- 
commute with all variables and Hamiltonian then they 
are also constants of motion, and are called "Casimir in- 
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variants" . It is important to notice that these constants 
do not reflect any symmetries and that they do not gen- 
erate infinitesimal transformations. In view of this, the 
existence of Casimir invariants create an obstruction to 
the construction of a canonical formalism for fluid me- 
chanics and the Lagrangian description for this system 
is also frustrated. To overcome this problem and de- 
velop to a more advanced stage, this obstruction must be 
neutralized. It was firstly done by C.C. Linj^l through 
Clebsch parameterization, which bases on vector prop- 
erties. Here, we have solved the obstruction generated 
by Casimir invariants using the symplectic formalism. In 
consequence, we determine the dynamical Lagrangian for 
the rotational system. It is important to notice that a 
set of dynamical equivalent Lagrangian descriptions for 
the rotational system can be determined. 

The Clebsch-symplectic parameterization formalism 
has its bases on the introduction of extra variables em- 
braced by arbitrary functions, 'J = ^{qi, cii, a, (3) and 
G = G{qi,ai,a,j3), where the extra variables a and (3 
respect the following algebra {a, /?} = A, with A be- 
ing an arbitrary parameter defined conveniently, and 
G is a function expanded in terms of r/ = (a, (3), 
G = EZiG {n) (0, ™th 5 {n) (0 oc jf\ and £ fe = 
(qi, cii, a, (3) with k = 1, 2, . . . , n + 2. The G function sat- 
isfies the following boundary condition G(£, l ,r/ = 0) = 0. 

In order to begin with this alternative parameteriza- 
tion process, these arbitrary functions are introduced 
into the first-order Lagrangian, which becomes — 
aS + V/3- ff(f),where = H(g) + G(f). The sym- 
plectic two-form, fkm is trivially singular if \l/ has no 
dependence on a. In order to solve the obstruction prob- 
lem to the construction of the Lagrangian for the rota- 
tional system, the matrix / must be nonsingular. Then, 



^ necessarily depends on a variable. Thus, a vector 
v = [Vi b d), with Vi = fi(a) and 6 and d are ar- 
bitrary constants, when contracted with the symplectic 
matrix does not generate a null value, i.e., P-f ^ 0. This 
relation generates a set of differential equations that al- 
lows the determination of ^f". At this point, it is oportune 
to comment the arbitrariness of the vector T>. This arbi- 
trariness opens up the possibility to determine different 
nonsingular symplectic matrix, then, we can obtain a set 
of different Lagrangian descriptions related to them. 

Now, it is necessary to determine G in order to obtain 
dynamical Lagrangian for a rotational system. To this 
end, we impose that the contraction of the zero-mode, 
with the gradient of symplectic potential, H(£), generates 
a null value, given by v k = 0. From this condition 
and using the expressions for H and G, a set of general 
differential equations is obtained as 

get Sa ^5/3 

" n=l n=l 

^From this general equation, all correction term G^ n \^) 
can be computed just solving a differential equation ob- 
tained after the collection of all terms in Eq. (JIJ that be- 
long to the same order in r\. 

III. ROTATIONAL FLUID MECHANICS 

In this section, the obstruction problem to construct 
both a canonical formalism and the Lagrangian descrip- 
tion for rotational fluid mechanics will be described. Let 
us consider a inviscid, isentropic and compressible fluid, 
whose dynamics is governed by the continuity and Euler 
equations, which are read as dp ^p +\/-(p(t,r)- v(t, r) ) = 
0, and dvty Q^ + v(t,r) ■ \/v(t,r) — f[t,r), respectively, 
where p(t, r) and v(t, r) denote mass density and veloc- 
ity field, respectively. Here, p(t,r)v(t,r) is the current 
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and f(t,r) is the force, which will kept arbitrary for 
the time being. It is well known that a dynamical sys- 
tem is powerfully presented from a canonical formulation. 
Due to this, it is important to remark that the above 
equations can be obtained by Poisson-bracketing the 
fields p(t, r) and v(t, r) with the following Hamiltonian 
H = \pv 2 + V(p), with V{p) being an interactive poten- 
tial. As a consequence, the Hamilton's equations of mo- 
tion are = {H,p(t,r)} and = {H,v{t,r)}, 

providing that the nonvanishing Poisson brackets among 
the fields must be taken as {v l (r), p(r')} = dS ^ r - and 
{V(r), v° ((f)} = — " t3 p(f) " ~ O) wnere the vorticity 

-> • { -> -i\ dv J (f') dv 1 (r) 

wis ^(r,r) = -^--g^. 

In the symplectic canonical formulation of the rota- 
tional fluid mechanics, we note that f lJ has no inverse 
and, then, the symplectic two- form does not exist. 
Therefore, the existence of a such constant C creates an 
obstruction in the inversion of the symplectic matrix and, 
as a consequence, a canonical Lagrangian formulation 
for rotational fluid mechanics is lacking. To overcome 
this kind of problem and then neutralize the obstruc- 
tion, the Clebsch parameterization process is usually im- 
plemented. However, in next section, in order to neu- 
tralize the obstruction problem, we apply the Clebsch- 
symplectic formalism process to the rotational fluid me- 
chanics. 

IV. CANONICAL LAGRANGIAN 
FORMULATION OF THE ROTATIONAL FLUID 

We begin considering the irrotational fluid mechanics, 
whose dynamics is governed by the following first-order 
Lagrangian, C = —p9 — \p{di6){d l 9) — V(p), where p is 
the mass density and 6 is the velocity potential. Here, 
the vorticity vanishes. Now, the Clebsch-symplectic pa- 



rameterization process starts. Following the prescrip- 
tion of the Clebsch-symplectic formalism process, the La- 
grangian is rewritten as C = —pO + fy$ — ^p(di0)(d l 9) — 
V(p) — G. Recalling that the arbitrary functions, W 
and G, will be determined later and that these functions 
present dependence on £ fc = (p,8,a,f3). At this point, 
it is important to mention that the \& function is deter- 
mined in order to become the symplectic matrix nonsin- 
gular. Recalling that has, necessarily, a dependence 
on a, a vector to be chosen also must has a dependence 
on a. To put our result in perspective with the usual 
Clebsch parameterization process [j, |5|, we make a "ed- 
ucated guess" for v, namely, v — (0 a —1)- Now, 
contracting this zero-mode with the symplectic matrix, 
and using the condition v ■ f ^ 0, we get a set of dif- 
ferential equations for 5', and we obtain ^ = —ap. The 
next step is the calculation of G. Using the Eq.QJ, we 
obtain = a P {d l 6)(d l (3), = \c? p{d l (3){d l /?) . As 
the second correction term has no dependence on 9, all 
correction terms Q^ n ' with n > 3 are null. Hence, the 
Clebsch-symplectic parameterization process ended and 
the canonical Lagrangian for the rotational fluid is ob- 
tained as being 

C = -p{9 + af3) - ~ P (di6 + adtff - V{p). (2) 

This reproduces the usual result obtained using Cleb- 
sch parameterizationP, Further, it is important to 
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note for a remarkable and new result is demonstrated in 
this paper: it is possible to obtain different canonical La- 
grangian descriptions for the rotational system, dynami- 
cally equivalent to the one given in Eq.Q, just defining 

a different vector v. 

V. CONCLUSION 

This work is devoted to solve the obstruction problem 
to the construction of the canonical Lagrangian formu- 
lation for rotational systems. This is done in the frame- 
work of the symplectic formalism and with the introduc- 
tion of extra variables. We have demonstrate that there 
is not an unique way to neutralize the obstruction to 
construction of a canonical Lagrangian formulation for 
rotational systems, instead, there are different ways to 
neutralize the obstruction and, subesequently, different 
canonical Lagrangian descriptions, but equivalent, for ro- 
tational systems. Further, we have reproduced the usual 
dynamical Lagrangian for the rotational fluid mechan- 
ics, acquired by using the Clebsch parameterization, and 
suggested that there are a set of Lagrangian descriptions 
equivalent to the usual. 
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